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1. Introduction 

1.1 Purpose 

Previously we only used virtual work to analyse structures whose members primarily 

behaved in flexure or in axial forces. Many real structures are comprised of a mixture 

of such members. Cable-stay and suspension bridges area good examples: the deck-

level carries load primarily through bending whilst the cable and pylon elements 

carry load through axial forces mainly. A simple example is: 

 

 

 

 

 

 

 

 

 

 

 

 

 

Our knowledge of virtual work to-date is sufficient to analyse such structures. 
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2. Virtual Work Overview 

2.1 The Principle of Virtual Work 

This states that: 

 

A body is in equilibrium if, and only if, the virtual work of all forces acting on 

the body is zero. 

 

In this context, the word ‘virtual’ means ‘having the effect of, but not the actual form 

of, what is specified’. 

 

There are two ways to define virtual work, as follows. 

 

1. Virtual Displacement:  

Virtual work is the work done by the actual forces acting on the body moving 

through a virtual displacement. 

 

2. Virtual Force:  

Virtual work is the work done by a virtual force acting on the body moving 

through the actual displacements. 

 

Virtual Displacements 

A virtual displacement is a displacement that is only imagined to occur: 

• virtual displacements must be small enough such that the force directions are 

maintained. 

• virtual displacements within a body must be geometrically compatible with 

the original structure. That is, geometrical constraints (i.e. supports) and 

member continuity must be maintained.  
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Virtual Forces 

A virtual force is a force imagined to be applied and is then moved through the actual 

deformations of the body, thus causing virtual work. 

 

Virtual forces must form an equilibrium set of their own. 

 

Internal and External Virtual Work 

When a structures deforms, work is done both by the applied loads moving through a 

displacement, as well as by the increase in strain energy in the structure. Thus when 

virtual displacements or forces are causing virtual work, we have: 
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 where 

• Virtual work is denoted Wδ  and is zero for a body in equilibrium; 

• External virtual work is EWδ , and; 

• Internal virtual work is IWδ . 

 

And so the external virtual work must equal the internal virtual work. It is in this 

form that the Principle of Virtual Work finds most use. 
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Application of Virtual Displacements 

For a virtual displacement we have: 
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In which, for the external virtual work, iF  represents an externally applied force (or 

moment) and iyδ  its virtual displacement. And for the internal virtual work, iP  

represents the internal force (or moment) in member i and ieδ  its virtual deformation. 

The summations reflect the fact that all work done must be accounted for.  

 

Remember in the above, each the displacements must be compatible and the forces 

must be in equilibrium, summarized as: 

 

 
 

i i i iF y P eδ δ⋅ = ⋅∑ ∑  
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Application of Virtual Forces 

When virtual forces are applied, we have: 
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And again note that we have an equilibrium set of forces and a compatible set of 

displacements: 

 

 
 

In this case the displacements are the real displacements that occur when the structure 

is in equilibrium and the virtual forces are any set of arbitrary forces that are in 

equilibrium. 

 

i i i iy F e Pδ δ⋅ = ⋅∑ ∑  

Set of compatible 

displacements 

Set of forces in 

equilibrium  
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2.2 Virtual Work for Deflections 

Deflection of a Truss 

For the truss: 

1. Find the forces in the members (got from virtual displacements or statics); 

2. Thus we calculate the member extensions, ie  as: 

 

 i
i
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3. Also, as we can choose what our virtual force Fδ  is (usually unity), we have: 
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4. The only remaining unknown in the virtual work equation is the actual external 

deflection, y. Therefore, we can calculate the deflection of the truss. 
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Deflections in Beams 

For a beam we proceed as: 

1. Write the virtual work equation for bending: 

 

 
0

E I

i i

W
W W

y F M

δ
δ δ

δ θ δ

=
=

⋅ = ⋅∑
 

 

2. Place a unit load, Fδ , at the point at which deflection is required; 

3. Find the real bending moment diagram, xM , since the real rotations are given 

by: 

 

x
x

x

M
EI

θ =  

 

4. Solve for the virtual bending moment diagram (the virtual force equilibrium 

set), Mδ , caused by the virtual unit load. 

5. Solve the virtual work equation: 

 

 
0
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x
x
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EI
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6. Note that the integration tables can be used for this step. 
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2.3 Virtual Work for Indeterminate Structures 

General Approach 

Using compatibility of displacement, we have: 

 

 
    Final       =    Primary            +                  Reactant 

 

Next, further break up the reactant structure, using linear superposition: 

 

 
Reactant        =    Multiplier     ×    Unit Reactant 

 

We summarize this process as: 

 

 0 1M M Mα= +  

 

• M is the force system in the original structure (in this case moments); 

• 0M  is the primary structure force system; 

• 1M  is the unit reactant structure force system. 

 

For a truss, the procedure is the same: 
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         Final           =       Primary               +           Reactant 

 

 
       Reactant           =    Multiplier   ×   Unit Reactant 

 

The final system forces are: 

 0 1P P Pα= +  

 

The primary structure can be analysed, as can the unit reactant structure. Therefore, 

the only unknown is the multiplier, α . 

 

We use virtual work to calculate the multiplier α . 
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Finding the Multiplier 

For trusses we have: 
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And for beams and frames, we have: 
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3. Virtual Work for Combined Structures 

3.1 Basis 

The virtual work that is done in a truss member is exactly the same concept as the 

virtual work done in a beam element. Thus the virtual work for a structure comprised 

of both types of members is just: 
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In which the first term on the RHS is the internal virtual work done by any truss 

members and the second term is that done by any flexural members. 

 

If a deflection is sought: 
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To solve for an indeterminate structure, we have both: 

 

 0 1M M Mα= +  

 0 1P P Pα= +  

 

For the structure as a whole. Hence we have: 
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Hence the multiplier can be found as: 
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Note the negative sign! 

 

Though these expressions are cumbersome, the ideas and the algebra are both simple. 

 

Integration of Bending Moments 

We are often faced with the integration of being moment diagrams when using virtual 

work to calculate the deflections of bending members. And as bending moment 

diagrams only have a limited number of shapes, a table of ‘volume’ integrals is used. 
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3.2 Examples 

We will do the examples in class – keep a list of them here: 
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Sample Paper 2007 

 
3.  For the rigidly jointed frame shown in Fig. Q3, using Virtual Work: 
 

(i) Determine the bending moment moments due to the loads as shown; 
(15 marks) 

 
(ii) Draw the bending moment diagram, showing all important values; 

(4 marks) 
 

(iii) Determine the reactions at A and E; 
(3 marks) 

 
(iv) Draw the deflected shape of the frame. 

(3 marks) 
 
Neglect axial effects in the flexural members. 
Take the following values: 
I for the frame = 150×106 mm4; 
Area of the stay EB = 100 mm2; 
Take E = 200 kN/mm2 for all members. 

 
 

FIG. Q3
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Semester 1 Exam 2007 

 
3.  For the rigidly jointed frame shown in Fig. Q3, using Virtual Work: 
 

(i) Determine the bending moment moments due to the loads as shown; 
(15 marks) 

 
(ii) Draw the bending moment diagram, showing all important values; 

(4 marks) 
 

(iii) Determine the reactions at A and E; 
(3 marks) 

 
(iv) Draw the deflected shape of the frame. 

(3 marks) 
 
Neglect axial effects in the flexural members. 
Take the following values: 
I for the frame = 150×106 mm4; 
Area of the stay EF = 200 mm2; 
Take E = 200 kN/mm2 for all members. 

 
 

FIG. Q3
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Volume Integrals 
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